On polars of mixed projection bodies  by Zhao, Chang-jian & Leng, Gang-song
J. Math. Anal. Appl. 316 (2006) 664–678
www.elsevier.com/locate/jmaa
On polars of mixed projection bodies
Zhao Chang-jian a,∗,1,2, Leng Gang-song b,1
a Department of Information and Mathematics Sciences, College of Science, China Institute of Metrology,
Hangzhou 310018, PR China
b Department of Mathematics, Shanghai University, Shanghai 200444, PR China
Received 12 April 2005
Available online 6 June 2005
Submitted by C. Rogers
Abstract
Recently, Lutwak established general Minkowski inequality, Brunn–Minkowski inequality and
Aleksandrov–Fenchel inequality for mixed projection bodies. In this paper, following Lutwak, we
established their polar forms. As applications, we prove some interrelated results.
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0. Introduction and main results
The study of projection bodies or zonoids in Rn had a long and complicated history.
An extensive article that details this is by Bolker [6]. After the appearance of Bolker’s
article, projection bodies and their duals have received considerable attention (see, e.g., [3,
8–10,14,18,23,26,28,31,33–35]). New applications have appeared in combinatorics (see
Stanley [31]), in stereology (see Betke and McMullen [4]), in stochastic geometry (see
Schneider [29]), and even in the study of random determinants (see Vitale [32]). In 1988,
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the study of projection bodies and work on Hilbert’s Fourth Problem. Also, results have
been discovered by Goodey and Weil [13], Martini [24], Schneider and Weil [30], Gardner
and Zhang [12], Grinberg and Zhang [15], Monika [25] and Alexander [1].
Mixed projection bodies are related to projection bodies in the same way as mixed
volumes are related to ordinary volumes. The mixed projection bodies are by definition
more general than projection bodies. The definition and elementary properties of mixed
projection bodies can be found in [7]. The support functions of mixed projection bodies
were studied by Chakerian [11]. Lutwak had studied in mixed projection bodies and their
polars and obtained a number of elegant results (see, for example, [17–21,23]).
In 1993, general Minkowski inequality, Aleksandrov–Fenchel inequality and Brunn–
Minkowski inequality for mixed projection bodies were established by Lutwak [17]. These
results can be stated as follows (all notions will be carefully defined in the body of the
paper):
Theorem A. If K,L ∈Kn, and 0 i < n, then
Wi
(
Π1(K,L)
)n−1 Wi(ΠK)n−2Wi(ΠL),
with equality if and only if K and L are homothetic.
Theorem B. If K1, . . . ,Kn−1 ∈Kn and 0 < r < n − 1, then
Wi
(
Π(K1, . . . ,Kn−1)
)r  r∏
j=1
Wi
(
Π(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
.
Theorem C. If K,L ∈Kn, then for 0 i < n,
Wi
(
Π(K + L))1/(n−i)(n−1) Wi(ΠK)1/(n−i)(n−1) + Wi(ΠL)1/(n−i)(n−1),
with equality if and only if K and L are homothetic.
The purpose of this paper is to establish polar forms of above three inequalities. Our
main results are the following theorems.
The following general Minkowski inequality for polars of mixed projection bodies will
be proved in Section 2.1:
Theorem A∗. If K,L ∈Kn and 0 i < n − 1, then
W˜i
(
Π∗1 (K,L)
)n−1  W˜i(Π∗K)n−2W˜i(Π∗L),
with equality if and only if K and L are homothetic.
The following general Aleksandrov–Fenchel inequality for polars of mixed projection
bodies will be established in Section 2.2:
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W˜i
(
Π∗(K1, . . . ,Kn−1)
)r  r∏
j=1
W˜i
(
Π∗(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
.
The following general Brunn–Minkowski inequality for polars of mixed projection bod-
ies will be established in Section 2.3:
Theorem C∗. If K,L ∈Kn, then for 0 i < n − 1,
W˜i
(
Π∗(K + L))−1/(n−i)(n−1)  W˜i(Π∗K)−1/(n−i)(n−1) + W˜i(Π∗L)−1/(n−i)(n−1),
with equality if and only if K and L are homothetic.
Please see the next section for above interrelated notations, definitions and their back-
ground materials.
1. Notation and preliminaries
The setting for this paper is n-dimensional Euclidean space Rn (n > 2). Let Kn denote
the set of convex bodies (compact, convex subsets with non-empty interiors) in Rn. We
reserve the letter u for unit vectors, and the letter B for the unit ball centered at the origin.
The surface of B is Sn−1. For u ∈ Sn−1, let Eu denote the hyperplane, through the origin,
that is orthogonal to u. We will use Ku to denote the image of K under an orthogonal
projection onto the hyperplane Eu.
We use V (K) for the n-dimensional volume of convex body K . Let h(K, ·) :Sn−1 → R
denote the support function of K ∈ Kn; i.e., h(K,u) = Max{u · x: x ∈ K}, u ∈ Sn−1,
where u · x denotes the usual inner product u and x in Rn.
Let δ denote the Hausdorff metric on Kn, i.e., for K,L ∈Kn, δ(K,L) = |hK − hL|∞,
where | · |∞ denotes the sup-norm on the space of continuous functions, C(Sn−1).
For a convex body K and a nonnegative scalar λ,λK is used to denote {λx: x ∈ K}.
For Ki ∈ Kn, λi  0 (i = 1,2, . . . , r), the Minkowski linear combination λ1K1 + · · · +
λrKr ∈Kn is defined by
λ1K1 + · · · + λrKr =
{
λ1x1 + · · · + λrxr ∈Kn: xi ∈ Ki
}
.
1.1. Mixed volumes
If Ki ∈Kn (i = 1,2, . . . , r) and λi (i = 1,2, . . . , r) are nonnegative real numbers, then
of fundamental impotence is the fact that the volume of λ1K1 + · · · + λrKr is a homoge-
neous polynomial in λi given by [5]
V (λ1K1 + · · · + λrKr) =
∑
λi1 . . . λinVi1,...,in ,i1,...,in
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The coefficient Vi1,...,in depends only on the bodies Ki1 , . . . ,Kin , and is uniquely deter-
mined by above identity, it is called the mixed volume of Ki1 , . . . ,Kin , and is written as
V (Ki1 , . . . ,Kin). Let K1 = · · · = Kn−i = K and Kn−i+1 = · · · = Kn = L, then the mixed
volume V (K1, . . . ,Kn) is usually written Vi(K,L). If L = B , then Vi(K,B) is the ith
projection measure (Quermassintegral) of K and is written as Wi(K).
If Ki (i = 1,2, . . . , n − 1) ∈Kn, then the mixed volume of the convex figures Kui (i =
1,2, . . . , n− 1) in the (n− 1)-dimensional space Eu will be denoted by v(Ku1 , . . . ,Kun−1).
If K1 = · · · = Kn−1−i = K and Kn−i = · · · = Kn−1 = L, then v(K1, . . . ,Kn−1) is written
vi(K
u,Lu). If L = B , then vi(Ku,Bu) is the ith projection measure of Ku in Eu and is
written wi(Ku).
1.2. Mixed projection bodies and their polars
If K is a convex body that contains the origin in its interior, we define the polar body of
K , K∗, by
K∗ := {x ∈Rn: x · y  1, y ∈ K}.
If K is a convex body that contains the origin in its interior, then we also associate
with K its radial function ρ(K, ·) defined on Sn−1 by
ρ(K,u) = Max{λ 0: λu ∈ K}, u ∈Rn.
We easily get that
ρ(K,u)−1 = h(K∗, u). (1.2.1)
We recall that the polar coordinate formula for volume in Rn is
V (K) = 1
n
∫
Sn−1
ρ(K,u)n dS(u), (1.2.2)
where dS(u) denotes the area element of Sn−1 at u.
The ith dual mixed volume of K and L about dual Quermassintegral is defined by
Lutwak [20],
W˜i(K) = 1
n
∫
Sn−1
ρ(K,u)n−i dS(u). (1.2.3)
Just as the Wi(K) are means of the volumes of the orthogonal projections of K onto
(n− i)-dimensional subspaces, the W˜i(K) are means of the volumes of sections of K with
(n − i)-dimensional subspaces.
Taking i = 0 to (1.2.3), (1.2.3) reduces to (1.2.2).
If Ki (i = 1,2, . . . , n − 1) ∈ Kn, then the mixed projection body of Ki (i = 1,2, . . . ,
n−1) is denoted by Π(K1, . . . ,Kn−1), and whose support function is given, for u ∈ Sn−1,
by
h
(
Π(K1, . . . ,Kn−1), u
)= v(Ku1 , . . . ,Kun−1). (1.2.4)
It is easy to see, Π(K1, . . . ,Kn−1) is centered [17].
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(K2, . . . ,Kn),
Π(λK + µL,C) = λΠ(K,C) + µΠ(L,C). (1.2.5)
We use Π∗(K1, . . . ,Kn−1) to denote the polar body of Π(K1, . . . ,Kn−1), and call it
a polar of mixed projection body of Ki (i = 1,2, . . . , n − 1). If K1 = · · · = Kn−1−i =
K and Kn−i = · · · = Kn−1 = L, then Π(K1, . . . ,Kn−1) will be written as Πi(K,L). If
L = B , then Πi(K,B) is called the ith projection body of K and is denoted ΠiK . We
write Π0K as ΠK . We will simply write Π∗i K and Π∗K rather than (ΠiK)∗ and (ΠK)∗,
respectively.
1.3. Width-integrals of convex bodies
For u ∈ Sn−1, b(K,u) =: 12 (h(K,u) + h(K,−u)) is defined to be half the width of K
in the direction u. Two convex bodies K and L are said to have similar width if there exists
a constant λ > 0 such that b(K,u) = λb(L,u) for all u ∈ Sn−1. Width-integrals were first
considered by Blaschke [5]. The width-integral of index i is defined by Lutwak [22]. For
K ∈Kn, i ∈R,
Bi(K) = 1
n
∫
Sn−1
b(K,u)n−i dS(u). (1.3.1)
The width-integral of index i is a map Bi :Kn →R. It is positive, continuous, homoge-
neous of degree n − i and invariant under motion. The following simple observation will
be used later:
b(K + L,u) = b(K,u) + b(L,u). (1.3.2)
2. Lemmas and main results
2.0. Lemmas
The following lemmas will be used later.
Lemma A. If K,L ∈Kn, 0 i < n and 0 < j < n, then
W˜i
(
Π∗K
)= 1
n
∫
Sn−1
v
(
Ku
)−(n−i)
dS(u);
W˜i
(
Π∗j K
)= 1
n
∫
Sn−1
wj
(
Ku
)−(n−i)
dS(u);
W˜i
(
Π∗j (K,L)
)= 1
n
∫
Sn−1
vj
(
Ku,Lu
)−(n−i)
dS(u).
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Lemma B. If K ∈Kn, then
B2n−i (K) W˜i
(
K∗
)
,
with equality if and only if K is centered.
Proof. From (1.3.1), we have
B
−1/(n−i)
2n−i (K) =
(
1
n
∫
Sn−1
(
1
2
h(K,u) + 1
2
h(K,−u)
)−1/(n−i)
dS(u)
)−1/(n−i)
.
Applying Minkowski integral inequality [16] and in view of (1.2.1) and (1.2.3), we
obtain that
B2n−i (K)
1
n
∫
Sn−1
h(K,u)−(n−i) dS(u) = 1
n
∫
Sn−1
ρ
(
K∗, u
)n−i
dS(u) = W˜i
(
K∗
)
,
with equality if and only if h(K,u) = h(K,−u) for u ∈ Sn−1. This is the desired re-
sult. 
In the special case i = 0, if K ∈Kn, then
B2n(K) V
(
K∗
)
,
with equality if and only if K is centered.
Lemma C [28]. If K1, . . . ,Kn ∈Kn, then
V (K1, . . . ,Kn)
r 
r∏
j=1
V (Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn).
2.1. The Minkowski inequality for polars of mixed projection bodies
The following general Minkowski inequality for polars of mixed projection bodies stated
in the introduction will be established: If K,L ∈Kn and 0 i < n − 1, then
W˜i
(
Π∗1 (K,L)
)n−1  W˜i(Π∗K)n−2W˜i(Π∗L),
with equality if and only if K and L are homothetic.
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Theorem 2.1.1. If K,L ∈Kn, 0 i < n − 1 and 0 < j < n − 1, then
W˜i
(
Π∗j (K,L)
)n−1  W˜i(Π∗K)n−j−1W˜i(Π∗L)j , (2.1.1)
with equality if and only if K and L are homothetic.
This is just a polar form of the following inequality which was established by Lutwak
[17]:
Theorem 2.1.1∗. If K,L ∈Kn, while 0 i < n and 0 < j < n − 1, then
Wi
(
Πj(K,L)
)n−1 Wi(ΠK)n−j−1Wi(ΠL)j ,
with equality if and only if K and L are homothetic.
Proof of Theorem 2.1.1. From the special case of Lemma C, we obtain that
vj
(
Ku,Lu
)−(n−i)  v(Ku)−(n−i)(n−j−1)n−1 v(Lu)−j (n−i)n−1 , (2.1.2)
with equality if and only if Ku and Lu are dilates, it follows if and only if K and L are
dilates [27].
In view of (2.1.2) and Lemma A, and using Minkowski integral inequality, we have for
i < n − 1,
nW˜i
(
Π∗j (K,L)
)= (∥∥vj (Ku,Lu)∥∥−(n−i))−(n−i)

(∥∥v(Ku) n−j−1n−1 v(Lu) jn−1 ∥∥−(n−i))−(n−i)

(∥∥v(Ku)∥∥−(n−i))−(n−i)(n−j−1)n−1 (∥∥v(Ku)∥∥−(n−i))−j (n−i)n−1
= (nW˜i(Π∗K)) (n−j−1)n−1 (nW˜i(Π∗L)) jn−1
= nW˜i
(
Π∗K
) (n−j−1)
n−1 W˜i
(
Π∗L
) j
n−1 .
In view of the equality conditions of (2.1.2) and Minkowski integral inequality, it fol-
lows that the equality holds if and only if K and L are homothetic. This completes the
proof of Theorem 2.1.1. 
Remark 2.1.1. Taking j = 1, i = 0 to (2.1.1), (2.1.1) changes to the following inequality.
If K,L ∈Kn, then
V
(
Π∗1 (K,L)
)n−1  V (Π∗K)n−2V (Π∗L),
with equality if and only if K and L are homothetic.
This is just the polar form of the following inequality which was given by Lutwak [17].
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V
(
Π1(K,L)
)n−1  V (ΠK)n−2V (ΠL),
with equality if and only if K and L are homothetic.
A somewhat surprising consequence of Theorem 2.1.1 is the following version.
Theorem 2.1.2. If K,L ∈ η ⊂Kn, and 0 i < n − 1, while 0 < j < n − 1 and if either
W˜i
(
Π∗j (K,M)
)= W˜i(Π∗j (L,M)), for M ∈ η, (2.1.3)
or
W˜i
(
Π∗j (M,K)
)= W˜i(Π∗j (M,L)), for M ∈ η (2.1.4)
hold, then it follows that K = L, up to translation.
This is just the polar form of the following result which was given by Lutwak [17].
Theorem 2.1.2∗. If K,L ∈ γ ⊂Kn, and 0 i < n, while 0 < j < n − 1 and if either
Wi
(
Πj(K,M)
)= Wi(Πj(L,M)), for M ∈ γ,
or
Wi
(
Πj(M,K)
)= Wi(Πj(M,L)), for M ∈ γ
hold, then it follows that K = L, up to translation.
Proof of Theorem 2.1.2. Suppose that (2.1.3) holds. Taking K for M in (2.1.3) and using
Theorem 2.1.1, we obtain that
W˜i
(
Π∗K
)= W˜i(Π∗j (L,K)) W˜i(Π∗L) (n−j−1)n−1 W˜i(Π∗K) jn−1 ,
with equality if and only if K and L.
Hence
W˜i
(
Π∗K
)
 W˜i
(
Π∗L
)
,
with equality if and only if K and L are homothetic.
Similarly, taking L for M in (2.1.3) and using again Theorem 2.1.1, we get
W˜i
(
Π∗K
)
 W˜i
(
Π∗L
)
with equality if and only if K and L are homothetic.
Hence
W˜i
(
Π∗K
)= W˜i(Π∗L)
and K and L are homothetic, in view of projection bodies are centered, then there exist
λ > 0 such that K = λL, then λ−(n−1)(n−i) = 1, for 0 i < n − 1, therefore λ = 1. 
Exactly the same sort of argument shows that condition (2.1.4) implies that K and L
must be translates.
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Corollary 2.1.1. If K,L ∈ η ⊂Kn, and 0 i < n − 1, and if either
W˜i
(
Π∗1 (K,M)
)= W˜i(Π∗1 (L,M)), for M ∈ η,
or
W˜i
(
Π∗1 (M,K)
)= W˜i(Π∗1 (M,L)), for M ∈ η
hold, then it follows that K = L, up to translation.
This is just is the polar form of the following result which was given by Lutwak [17].
Corollary 2.1.1∗. If K,L ∈ γ ⊂Kn, and 0 i < n, and if either
Wi
(
Π1(K,M)
)= Wi(Π1(L,M)), for M ∈ γ,
or
Wi
(
Π1(M,K)
)= Wi(Π1(M,L)), for M ∈ γ
hold, then it follows that K = L, up to translation.
2.2. The Aleksandrov–Fenchel inequality for polars of mixed projection bodies
The following Aleksandrov–Fenchel inequality for polars of mixed projection bodies
will be established: If K1, . . . ,Kn−1 ∈Kn, then
V
(
Π∗(K1, . . . ,Kn−1)
)r  r∏
j=1
V
(
Π∗(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
.
This is just a polar form of the result which was given by Lutwak [17]: If K1, . . . ,
Kn−1 ∈Kn, then
V
(
Π(K1, . . . ,Kn−1)
)r  r∏
j=1
V
(
Π(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
.
In fact a general version of the Aleksandrov–Fenchel inequality for polars of mixed
projection bodies holds:
Theorem 2.2.1. If K1, . . . ,Kn−1 ∈Kn, 0 i < n, 0 < j < n − 1 and 0 < r  n − 1, then
W˜i
(
Π∗(K1, . . . ,Kn−1)
)r  r∏
j=1
W˜i
(
Π∗(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
. (2.2.1)
This is just a polar form of the following result which was given by Lutwak [17]:
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W˜i
(
Π(K1, . . . ,Kn−1)
)r  r∏
j=1
W˜i
(
Π(Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
)
.
Proof of Theorem 2.2.1. From (1.2.1), (1.2.3) and (1.2.4), we obtain that
W˜i
(
Π∗(K1, . . . ,Kn−1)
)= 1
n
∫
Sn−1
v
(
Ku1 , . . . ,K
u
n−1
)−(n−i)
dS(u). (2.2.2)
By using the special case of Lemma C, we easy get that
v
(
Ku1 , . . . ,K
u
n−1
)−(n−i) 
(
r∏
j=1
v
(
Kuj , . . . ,K
u
j︸ ︷︷ ︸
r
,Kur+1, . . . ,K
u
n−1
))−(n−i)/r
. (2.2.3)
On the other hand, the Hölder’s inequality can be stated as [16]∫
Sn−1
m∏
i=1
fi(u) dS(u)
m∏
i=1
( ∫
Sn−1
(
fi(u)
)m
dS(u)
)1/m
, (2.2.4)
with equality if and only if all fi are proportional.
From (2.2.2)–(2.2.4), we obtain that
W˜i
(
Π∗(K1, . . . ,Kn−1)
)
= 1
n
∫
S(n−1)
v
(
Ku1 , . . . ,K
u
n−1
)−(n−i)
dS(u)
 1
n
∫
Su
(
r∏
j=1
v
(
Kuj , . . . ,K
u
j︸ ︷︷ ︸
r
,Kur+1, . . . ,K
u
n−1
))−(n−i)/r
dS(u)

(
r∏
j=1
1
n
∫
Sn−1
v
(
Kuj , . . . ,K
u
j︸ ︷︷ ︸
r
,Kur+1, . . . ,K
u
n−1
)−(n−i)
dS(u)
)r
=
(
r∏
j=1
W˜i
(
Π∗ (Kj , . . . ,Kj︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn−1)
))r
.
The proof is complete. 
From the case r = n − 1 of inequality (2.2.1), it follows that
Corollary 2.2.1. If K1, . . . ,Kn−1 ∈Kn, and 0 i < n, then
W˜i
(
Π∗(K1, . . . ,Kn−1)
)n−1  W˜i(Π∗K1) · · · W˜i(Π∗Kn−1), (2.2.5)
with equality if and only if K1, . . . ,Kn−1 are homothetic.
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Corollary 2.2.1∗. If K1, . . . ,Kn−1 ∈Kn, and 0 i < n, then
Wi
(
Π(K1, . . . ,Kn−1)
)n−1 Wi(ΠK1) · · ·Wi(ΠKn−1),
with equality if and only if K1, . . . ,Kn−1 are homothetic.
Taking K1 = · · · = Kn−j−1 = K and Kn−j = · · · = Kn−1 = L to (2.2.5), (2.2.5) re-
duces to (2.1.1). Taking K1 = · · · = Kr = K , Kr = L, and Kr+1 = · · · = Kn−1 = B to
(2.2.1), (2.2.1) changes to
Corollary 2.2.2. If K,L ∈Kn, 0 i < n and 0 j < n − 1, then
W˜i
(
Π∗(K, . . . ,K︸ ︷︷ ︸
n−j−2
,B, . . . ,B︸ ︷︷ ︸
j
,L)
)n−j−1  W˜i(Π∗j K)n−j−2W˜i(Π∗j L),
with equality if and only if K and L are homothetic.
Similarly, we also get the following result:
Corollary 2.2.2∗. If K,L ∈Kn, 0 i < n and 0 j < n − 1, then
Wi
(
Π(K, . . . ,K︸ ︷︷ ︸
n−j−2
,B, . . . ,B︸ ︷︷ ︸
j
,L)
)n−j−1 Wi(ΠjK)n−j−2W˜i(ΠjL),
with equality if and only if K and L are homothetic.
Corollary 2.2.2 is just a polar form of Corollary 2.2.2∗.
A somewhat surprising consequence of Corollary 2.2.2 is the following version for po-
lars of mixed projection bodies.
Theorem 2.2.2. If K,L ∈ η ⊂Kn, 0 i < n − 1 and 0 j < n − 1 and if either
W˜i
(
Π∗(K, . . . ,K︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,M)
)= W˜i(Π∗(L, . . . ,L︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,M)
)
,
for all M ∈ η (2.2.6)
or
W˜i
(
Π∗(M, . . . ,M︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,K)
)= W˜i(Π∗(M, . . . ,M︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,L)
)
,
for all M ∈ η, (2.2.7)
hold, then it follows that K=L, up to translation.
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W˜i
(
Π∗j K
)= W˜i(Π∗(L, . . . ,L︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,K)
)
 W˜i
(
Π∗j L
) n−j−2
n−j−1 W˜i
(
Π∗j K
) 1
n−j−1 ,
with equality if and only if K and L are homothetic.
Hence
W˜i
(
Π∗j K
)
 W˜i
(
Π∗j L
)
,
with equality if and only if K and L are homothetic.
On the other hand, take L for M , again use Corollary 2.2.2, and get
W˜i
(
Π∗j K
)
 W˜i
(
Π∗j L
)
,
with equality if and only if K and L are homothetic.
Therefore
W˜i
(
Π∗j K
)= W˜i(Π∗j L),
where K and L are homothetic and in view of projection bodies are centered, then there
exist λ > 0 such that K = λL, we have (1/λ(n−j−1)(n−i))W˜i(Π∗j L) = W˜i(Π∗j L), hence
λ = 1. 
Exactly the same sort argument shows that condition (2.2.7) implies K = L, up to trans-
lation.
Similar to the above proof of Theorem 2.2.2, we also get the following result:
Theorem 2.2.2∗. If K,L ∈ η ⊂Kn, 0 i < n − 1 and 0 j < n − 1 and if either
Wi
(
Π(K, . . . ,K︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,M)
)= Wi(Π(L, . . . ,L︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,M)
)
,
for all M ∈ η, (2.2.8)
or
Wi
(
Π(M, . . . ,M︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,K)
)= Wi(Π(M, . . . ,M︸ ︷︷ ︸
n−j−1
,B, . . . ,B︸ ︷︷ ︸
j
,L)
)
,
for all M ∈ η, (2.2.9)
hold, then it follows that K=L, up to translation.
Theorem 2.2.2 is just a polar form of Theorem 2.2.2∗.
Remark 2.2.2. Taking j = 0 to Theorem 2.2.2, then it reduces to
Corollary 2.2.3. If K,L ∈ η ⊂Kn, 0 i < n − 1 and if either
W˜i
(
Π∗(K,M)
)= W˜i(Π∗(L,M)), for all M ∈ η,1 1
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W˜i
(
Π∗1 (M,K)
)= W˜i(Π∗1 (M,L)), for all M ∈ η
hold, then it follows that K = L, up to translation.
This is just the special case j = 1 of Theorem 2.1.2. Moreover, it also is a polar form of
the following result which was given by Lutwak [17]:
Corollary 2.2.3∗. If K,L ∈ η ⊂Kn, 0 i < n − 1 and if either
Wi
(
Π1(K,M)
)= Wi(Π1(L,M)), for allM ∈ η,
or
Wi
(
Π1(M,K)
)= Wi(Π1(M,L)), for all M ∈ η
hold, then it follows that K = L, up to translation.
2.3. The Brunn–Minkowski inequality for polars of mixed projection bodies
The following Brunn–Minkowski inequality for polars of mixed projection bodies will
be established: If K,L ∈Kn, then
V
(
Π∗(K + L))−1/n(n−1)  V (Π∗K)−1/n(n−1) + V (Π∗L)−1/n(n−1),
with equality if and only if K and L are homothetic.
This is just a polar form of the following result which was given by Lutwak [17]: If
K,L ∈Kn, then
V
(
Π(K + L))−1/n(n−1)  V (ΠK)−1/n(n−1) + V (ΠL)−1/n(n−1),
with equality if and only if K and L are homothetic.
In fact a considerably more general inequality of Brunn–Minkowski inequality for po-
lars of mixed projection bodies holds:
Theorem 2.3.1. If K,L ∈Kn, and 0 i < n − 1, then
W˜i
(
Π∗(K + L))−1/(n−i)(n−1)  W˜i(Π∗K)−1/(n−i)(n−1)
+ W˜i
(
Π∗L
)−1/(n−i)(n−1)
, (2.3.1)
with equality if and only if K and L are homothetic.
This is just a polar form of the following result which was given by Lutwak [17]:
Theorem 2.3.1∗. If K,L ∈Kn, and 0 i < n, then
Wi
(
Π(K + L))−1/(n−i)(n−1) Wi(ΠK)−1/(n−i)(n−1) + Wi(ΠL)−1/(n−i)(n−1),
with equality if and only if K and L are homothetic.
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From (1.2.5), (1.3.1), (1.3.2) and in view of the inverse Minkowski integral inequality, we
obtain that for j > n(j ∈R),
Bj
(
Π(K + L,C))1/(n−j)
= n−1/(n−j)∥∥b(Π(K + L,C),u)∥∥
n−j
= n−1/(n−j)∥∥b(Π(K,C),u)+ b(Π(L,C),u)∥∥
n−j
 n−1/(n−j)
(∥∥b(Π(K,C),u)∥∥
n−j +
∥∥b(Π(L,C),u)∥∥
n−j
)
= Bj
(
Π(K,C)
)1/(n−j) + Bj (Π(L,C))1/(n−j), (2.3.2)
with equality if and only if Π(K,C) and Π(L,C) have similar width. In view of projection
bodies are the centered, it follows that Π(K,C) and Π(L,C) are homothetic.
Taking j = 2n − i to (2.3.2), we have
B2n−i
(
Π(K + L,C))−1/(n−i)  B2n−i(Π(K,C))−1/(n−i)
+ B2n−i
(
Π(L,C)
)−1/(n−i)
.
By using Lemma B and in view of projection bodies are centered, we obtain that
W˜i
(
Π∗(K + L,C))−1/(n−i)  W˜i(Π∗(K,C))−1/(n−i)
+ W˜i
(
Π∗(L,C)
)−1/(n−i)
, (2.3.3)
with equality if and only if Π(K,C) and Π(L,C) are homothetic.
Taking L1 = · · · = Ln−2 = K + L to (2.3.3), we obtain that
W˜i
(
Π∗(K + L))−1/(n−i)  W˜i(Π∗n−2(K,K + L))−1/(n−i)
+ W˜i
(
Π∗n−2(L,K + L)
)−1/(n−i)
.
Now apply the special case of (2.1.1) twice, and get
W˜i
(
Π∗(K + L))−1/(n−i)
 W˜i
(
Π∗K
)−1/(n−i)(n−1)
W˜i
(
Π∗(K + L))−(n−2)/(n−i)(n−1)
+ W˜i
(
Π∗L
)−1/(n−i)(n−1)
W˜i
(
Π∗(K + L))−(n−2)/(n−i)(n−1), (2.3.4)
with equality if and only if K,L and K + L are homothetic, combined this with Π(K,C)
and Π(L,C) are homothetic, shows that the equality holds if and only if K and L are
homothetic.
Dividing both sides of (2.3.4) by W˜i(Π∗(K + L))−(n−2)/(n−i)(n−1), we get that
W˜i
(
Π∗(K + L))−1/(n−i)(n−1)  W˜i(Π∗K)−1/(n−i)(n−1) + W˜i(Π∗L)−1/(n−i)(n−1),
with equality if and only if K and L are homothetic. 
678 Ch.-J. Zhao, G.-S. Leng / J. Math. Anal. Appl. 316 (2006) 664–678References
[1] K. Alexander, Intersection bodies, positive definite distributions, and the Busemann–Petty problem, Amer.
J. Math. 120 (1998) 827–840.
[2] R. Alexander, Zonoid theory and Hilbert’s fourth problem, Geom. Dedicata 28 (1988) 199–211.
[3] K. Ball, Shadows of convex bodies, Trans. Amer. Math. Soc. 327 (1991) 891–901.
[4] U. Betke, P. McMullen, Estimating the sizes of convex bodies from projection, J. London Math. Soc. 27
(1983) 525–538.
[5] W. Blaschke, Vorlesungen über integralgeometrie, I, II, Teubner, Leipzig, 1936, 1937, reprint: Chelsea, New
York, 1949.
[6] E.D. Bolker, A class of convex bodies, Trans. Amer. Math. Soc. 145 (1969) 323–345.
[7] T. Bonnesen, W. Fenchel, Theorie der Konvexen Körper, Springer, Berlin, 1934.
[8] J. Bourgain, J. Lindenstrauss, Projection Bodies, Israel seminar (G.A.F.A.) 1986–1987, in: Lecture Notes in
Math., vol. 1317, Springer, Berlin, 1988, pp. 250–269.
[9] N.S. Brannen, Volumes of projection bodies, Mathematika 43 (1996) 255–264.
[10] G.D. Chakerian, E. Lutwak, Bodies with similar projections, Trans. Amer. Math. Soc. 349 (1997) 1811–
1820.
[11] G.D. Chakerian, Set of constant relative width and constant relative brightness, Trans. Amer. Math. Soc. 129
(1967) 26–37.
[12] R.J. Gardner, G.Y. Zhang, Affine inequalities and radial mean bodies, Amer. J. Math. 120 (1998) 505–528.
[13] P.R. Goodey, W. Weil, Zonoids and generalizations, in: P.M. Gruber, J.M. Wills (Eds.), Handbook of Convex
Geometry, North-Holland, Amsterdam, 1993, pp. 1297–1326.
[14] Y. Gordon, M. Meyer, S. Reisner, Zonoids with minimal volume product—a new proof, Proc. Amer. Math.
Soc. 104 (1988) 273–276.
[15] E. Grinberg, G.Y. Zhang, Convolutions, transforms, and convex bodies, Proc. London Math. Soc. (3) 78
(1999) 77–115.
[16] G.H. Hardy, J.E. Littlewood, G. Pólya, Inequalities, Cambridge Univ. Press, Cambridge, 1934.
[17] E. Lutwak, Inequalities for mixed projection bodies, Trans. Amer. Math. Soc. 339 (1993) 901–916.
[18] E. Lutwak, Intersection bodies and dual mixed volumes, Adv. Math. 71 (1988) 232–261.
[19] E. Lutwak, On quermassintegrals of mixed projection bodies, Geom. Dedicata 33 (1990) 51–58.
[20] E. Lutwak, Dual mixed volumes, Pacific J. Math. 58 (1975) 531–538.
[21] E. Lutwak, Mixed projection inequalities, Trans. Amer. Math. Soc. 285 (1985) 91–106.
[22] E. Lutwak, Width-integrals of convex bodies, Proc. Amer. Math. Soc. 53 (1975) 435–439.
[23] E. Lutwak, Centroid bodies and dual mixed volumes, Proc. London Math. Soc. 60 (1990) 365–391.
[24] H. Martini, Zur Bestimmung Konvexer Polytope durch the Inhalte ihrer Projection, Beiträge Algebra Geom.,
vol. 18, 1984, pp. 75–85.
[25] L. Monika, Projection bodies and valuations, Adv. Math. 172 (2002) 158–168.
[26] S. Reisner, Zonoids with minimal volume-product, Math. Z. 192 (1986) 339–346.
[27] C.A. Rogers, Sections and projections of convex bodies, Portugal Math. 24 (1965) 99–103.
[28] R. Schneider, Convex Bodies: The Brunn–Minkowski Theory, Cambridge Univ. Press, Cambridge, 1993.
[29] R. Schneider, Random polytopes generated by anisotropic hyperplanes, Bull. London Math. Soc. 14 (1982)
549–553.
[30] R. Schneider, W. Weil, Zonoids and Related Topics, Convexity and its Applications, Birkhäuser, Basel,
1983, pp. 296–317.
[31] R.P. Stanley, Two combinatorial applications of the Aleksandrov–Fenchel inequalities, J. Combin. Theory
Ser. A 31 (1981) 56–65.
[32] R.A. Vitale, Expected absolute random determinants and zonoids, Ann. Appl. Probab. 1 (1991) 293–300.
[33] H.S. Witsenhausen, A support characterization of the zonotopes, Mathematika 25 (1978) 13–16.
[34] Ch.J. Zhao, G.S. Leng, Brunn–Minkowski inequality for mixed intersection bodies, J. Math. Anal. Appl. 301
(2005) 115–123.
[35] Ch.J. Zhao, G.S. Leng, Inequalities for dual quermassintegrals of mixed intersection bodies, Proc. Indian
Acad. Sci. (Math. Sci.) 115 (2005) 79–91.
